New results on self-complementary graphs : regular self-complementary graphs.

Alastair Farrugia Dept. of Combinatorics & Optimization University of Waterloo, Ontario, Canada

afarrugia@math.uwaterloo.ca

B.Radhakrishnan Nair Dept. Of Mathematics, D.B.College

Sastham kottah-690521, India

A. Vijayakumar Dept of Mathematics Cochin University of Science and Technology Cochin-682022, India

vijay@cusat.ac.in

Submitted: December 3, 2001;

MR Subject Classifications: Primary 05C75, Secondary 05C25

Abstract In 1977 Kotzig [Selected open problems in graph theory, in Graph Theory and Related Topics (1979) 358–367] posed a number of problems that spurred a lot of research into regular self-complementary graphs.

The last two authors found a family of counterexamples to one of his conjectures; here we expand this family further. We also use a graph found by Hartsfield [On regular self-complementary graphs, J. Graph Theory 11 (1987) 537–538] as a counterexample to another of Kotzig’s conjectures, to construct infinite families of self-complementary graphs for which none of the isomorphisms between G and G have uniform cycle lengths.

In response to yet another of Kotzig’s problems, Rao [On regular and stronglyregular self-complementary graphs, Discrete Math. 54 (1985) 73–82] characterised vertex-transitive self-complementary graphs in terms of their orbits. We extend one of his results to digraphs and then bring together this theorem, and the work of 27 other authors, to classify regular self-complementary graphs and digraphs into two grand hierarchies.

In 1977 Kotzig [16] posed a number of problems that spurred a lot of research into regular self-complementary graphs. We explain the problems in Section 1. A counterexample to one of the conjectures, found by Hartsfield, is extended to an infinite family in Section 2. In Section 3 a family of counterexamples to one of the conjectures (found by the last two authors) is expanded further.

In response to yet another of Kotzig’s problems, Rao [31] found a lot of important information about the orbits of self-complementary graphs, and used this to characterise the vertex-transitive self-complementary graphs. We extend his results to digraphs in Theorem 7. We end by using Rao’s result, our extension, and the work of 23 other authors, to classify regular self-complementary graphs and digraphs into two grand hierarchies (see Figure 4).

1 Basic results and definitions

Throughout this article, we use n and m to denote the number of vertices and edges, respectively, of a graph G. If G is isomorphic to its complement G we call it a selfcomplementary graph, or sc-graph for short. The isomorphisms between G and G are called antimorphisms and can be looked at as permutations of V (G).

1. Lemma. Let G be a self-complementary graph on n vertices. Then

A. |E(G)| =^{n(n−1)}_4 , and thus n ≡ 0 or 1 (mod 4)).

B. If v is a vertex of degree r in G, any antimorphism must map it to a vertex of degree n − 1 − r in G; thus the degree sequence of G must be symmetric about^1_2 (n − 1).

C. In particular, a regular sc-graph must have 4k + 1 vertices and degree 2k for some k. □ The following result was obtained independently by Sachs [36] and Ringel [32]:

2. Theorem. An antimorphism σ consists of cycles whose lengths are divisible by 4, and a single fixed vertex whenever n = 4k + 1. We call the fixed vertex a trivial cycle. □

For any graph G, and any vertex v, we define t(v) and t(v) to be the number of triangles of G or G, respectively, which contain v. For self-complementary graphs we define the following sets: F̂ (G) := {u ∈ V (G)|t(u) = t(u)}, F (G) := {u ∈ V (G)| for some antimorphism σ, σ(u) = u}, and N(G) := {uv ∈ E(G)| for some antimorphism σ, σ(u) = v}.

Sachs’ and Ringel’s papers were the first ever published on self-complementary graphs. A number of others appeared in later years, among them one by Kotzig [16] that included six problems on regular sc-graphs; this acted directly as a catalyst for some of the further research done in this area. Here we shall be concerned with the following problems:

3. Kotzig’s Problems.

A. Is it true that every regular self-complementary graph has an antimorphism where all cycles are of length 4, except for a single fixed vertex?

B. Characterise the set F (G) of a regular sc-graph G. Is it true that F (G) = F̂ (G) for a regular sc-graph G?

C. Characterise the set N(G) for a sc-graph G.

D. Is is true that a regular sc-graph G is strongly regular iff F (G) = V (G) and N(G) = E(G)? 2 Antimorphisms with unequal cycle lengths

Kotzig’s first problem asked whether every regular sc-graph G has an antimorphism with all non-trivial cycles having length 4. In general we can ask whether every sc-graph (regular or not) has at least one antimorphism with non-trivial cycles of equal length. However, Hartsfield [13] answered both questions in the negative, giving a regular graph H (Figure 1) with 13 vertices and four antimorphisms, which all have a 1-cycle, a 4-cycle and an 8-cycle:

σ = (1)(2 3 4 5)(6 7 8 9 10 11 12 13) σ^3 = (1)(2 5 4 3)(6 9 12 7 10 13 8 11) σ^5 = (1)(2 3 4 5)(6 11 8 13 10 7 12 9) σ^7 = (1)(2 5 4 3)(6 13 12 11 10 9 8 7).

We note that the vertex 1 is the only fixed vertex of H, and its neighbourhood is N = {2, 4, 6, 8, 10, 12}. We define N := {3, 5, 7, 9, 11, 13}.

Four years after Hartsfield, Xu [39] gave a regular graph on 13 vertices whose antimorphisms include σ := (1)(7 4 10 12 13 6 8 11 5 3 2 9). Xu mentioned σ^{11} too, but for any antimorphism and any odd i, σ^i is also an antimorphism. So the graph does have antimorphisms (σ^3 and σ^9) whose cycles are all of length 4. It is thus not a counterexample to Kotzig’s conjecture.

However, Zhou [44] later gave a correct construction of regular sc-graphs of every order 4k + 1 ≥ 17, each of whose antimorphisms has 0 or 1 cycles of length 4, depending on whether k is even or odd.

Before we learnt of Zhou’s result, we constructed another infinite class, based on that of Hartsfield.

First we observe that if we remove the vertex 1 we get a counterexample of order 12. To see this, note that any antimorphism of H − {1} must exchange the vertices of N and

Figure 1: Hartsfield’s graph.

N because they have distinct degrees (cf. Lemma 1.B). So the antimorphisms of H − {1} can be extended to an antimorphism of H and, thus, must have cycles of length 4 and 8.

Now, if J is any counterexample of order n, we can add a path on 4 vertices, with the inner two vertices adjacent to all the vertices of J (see Figure 2). This standard construction [1] produces a new graph J^′ with 4 more vertices. Any antimorphism of J^′ must map the P_4 to itself (once again, this can be proved using Lemma 1.B) and J onto itself; so it too will contain cycles of unequal lengths. In this manner we obtain an infinite family of counterexamples for each feasible n:

4. Proposition. There is a sc-graph on n vertices whose antimorphisms all have nontrivial cycles of unequal length (specifically, at least one cycle of length 4 and at least one of length 8) if and only if n ≡ 0 or 1 (mod 4), n ≥ 12. □

Apart from Hartsfield’s graph, the graphs we constructed are not regular, so they are not counterexamples to Kotzig’s problem. With a little work, however, we can use Hartsfield’s graph as the basis for an infinite family of counterexamples on n = 13 + 8k vertices. Our construction is loosely based on one by Colbourn and Colbourn [7].

For any natural number k, we construct H(k) as follows (see Figure 3 for a sketch). We add two K_{2k}’s and two K_{2k}’s. In each of these four graphs, the first k vertices are joined to every vertex of N, the last k vertices are joined to every vertex of N. Every

Figure 2: New counterexamples from old

vertex of the K_{2k}’s is also joined to the vertex 1. Finally, every vertex of each K_{2k} is joined to every vertex of the other K_{2k}, and every vertex of one of the K_{2k} ’s.

K_{2k}

1 N N

K_{2k}

K_{2k}

K_{2k}

Figure 3: Regular sc-graphs with antimorphisms of unequal cycle lengths

This graph has 8k +13 vertices, is regular of degree 4k +6 and self-complementary. We want to show that any antimorphism of H(k) must map H to itself, and thus must induce one of the antimorphisms of H mentioned above, meaning that it will contain cycles of length 1, 4 and 8.

To do this we note that if a vertex is in x cliques (maximal complete subgraphs) of size y, then an antimorphism must map it to a vertex that is in x maximal independent sets of size y. The next table lists the number of cliques and maximal independent sets containing each vertex of H(k); we use y^x to mean that there are x cliques (or maximal independent sets) of size y; verifying the details in the table is routine but tedious. We can now see that the vertices of N must map onto vertices of N and vice versa (for k > 3 this is easy to see, as they are the only vertices not contained in any clique or maximal independent set of size 2k + 1; for k ≤ 3 a little more checking is needed, but this is quickly accomplished). We can check similarly that the vertex 1 must map to itself.

5. Definition. An almost-regular graph is a graph with exactly two degrees, s and s + 1, for some s. For any vertex v in a regular graph G, G − v is almost-regular.

We noted previously that H − 1 is an almost-regular sc-graph whose antimorphisms all have cycles of unequal length; the same reasoning is valid for H(k) − 1. So we have the following:

vertices in: cliques max.ind.sets {1} (k + 4)^4, (2k + 1)^2 (k + 4)^4, (2k + 1)^2 first k vertices of K_{2k} (k + 4)^{2k+2}, (2k + 1)^{2k+1} 2^k , 5^{2k}, (k + 4)^2, 2k + 1 first k vertices of K_{2k} 2^k, 5^{2k} , (k + 4)^2, 2k + 1 (k + 4)^{2k+2}, (2k + 1)^{2k+1} last k vertices of K_{2k} (k + 3)^{9k}, (2k + 1)^{2k+1} 2^k , 3^{9k}, (k + 3)^9, 2k + 1 last k vertices of K_{2k} 2^k, 3^{9k} , (k + 3)^9, 2k + 1 (k + 3)^{9k}, (2k + 1)^{2k+1} N 3^2 or 3^3, 4, 5^{k2} , (k + 4)^{2k+2} either 3^4, 4^{3k2} , (k + 3)^{6k} or 3^2, 4^{3k2+1}, (k + 3)^{6k} N either 3^4, 4^{3k2} , (k + 3)^{6k} 3^2 or 3^3, 4, 5^{k2} , (k + 4)^{2k+2} or 3^2, 4^{3k2 +1}, (k + 3)^{6k} We have thus obtained, for all integers n = 13 + 8k [respectively, n = 12 + 8k], k ≥ 1, a regular [respectively, almost-regular] sc-graph whose antimorphisms all contain nontrivial cycles of unequal length, specifically at least one cycle of length 4 and at least one of length 8.

3 Counterexamples to Kotzig’s second conjecture

It is clear from the definitions in Section 1 that F (G) ⊆ F̂ (G). Kotzig [16] asked whether equality holds for all regular sc-graphs, but Rao [31] found a graph G_9 on 9 vertices for which the inclusion is strict. He claimed to have an infinite family of such examples, but the last two authors [27, 28] pointed out that his construction works for G_9 only. However, they found two other graphs G_{17} and G_{33} on 17 and 33 vertices, respectively, with the desired property. All three graphs actually satisfy the stronger property

F (G) ⫋ V (G) = F̂ (G) (∗)

By Thm. 8.I, J and Thm. 9.A, B below, this is equivalent to saying that they are strongly vertex triangle regular (SVTR) but not vertex-transitive. Nair and Vijayakumar [28] showed that the lexicographic product^1 G(H) of two SVTR graphs will also be SVTR; it can also be checked that G(H) is self-complementary if G and H are both selfcomplementary. Moreover, Imrich [14, Thm. 9.4] proved that G(H) is vertex-transitive if and only if G and H are both vertex-transitive. Finally, any vertex-transitive graph is trivially SVTR.

Thus the lexicographic product of any (positive) number of copies of G_9, G_{17} and G_{33}, and any vertex-transitive sc-graph, also satisfies (∗). So (using the last part of Thm. 9) we can construct such graphs on n vertices, for each n of the form 9^α17^β 33^γ N, where N is a sum of two squares and α, β, γ are non-negative integers, not all zero.

4 Self-complementary digraphs

Problems 3.B, C and D all ask for information about the sets F (G) and N(G). In an important paper, Rao [31] characterised these sets and also gave significant details on the structure of the orbits of G (i.e. equivalence classes under the automorphism group).

A key part of his characterisation of F (G) was to show that it forms an orbit. The proof, first given by Robinson [33], depended on the structure of antimorphisms of scgraphs, and did not carry over to sc-digraphs. Eplett [8] proved a similar result for sc-tournaments using properties of Sylow groups, but this did not extend to general scdigraphs either. However, Robinson gave another proof that did apply to sc-digraphs, producing the following result [34]:

6. Theorem. For a self-complementary digraph D, the set F (D) forms an orbit under A(D). All antimorphisms permute the orbits of D, and F (D) is the unique orbit which is fixed by any (and every) antimorphism. □

We note that Rao’s results establish the equivalence of statements 9.A, 9.B and 9.C (see next section) for sc-graphs. Robinson’s theorem generalises the equivalence of 9.A and 9.B to sc-digraphs, while in the next theorem we do the same for statements 9.B and 9.C.

For X, Y ⊂ V (D) we use D[X] to denote the subgraph induced by X, D[X, Y ] the bipartite subgraph induced by X and Y (with vertex-set X ∪Y , and edges {uv|u ∈ X, v ∈ Y }), and E[X] and E[X, Y ] the corresponding edge-sets.

7. Theorem. Let D be a self-complementary digraph. Then the orbits of D can be numbered V_0, V_1, V_2, . . . , V_{2s} such that:

A. F (D) = V_0;

B. σ(V_0) = V_0 and σ(V_i) = V_{2s+1−i} for any antimorphism σ;

C. |V_0| is odd if |V (D)| is odd, otherwise V_0 = ∅;

1The lexicographic product G(H) is produced by replacing each vertex of G by a copy of H, and replacing each edge of G by all |V (H)|^2 possible edges between the corresponding copies of H.

D. D[V_0] is a regular sc-subgraph (of degree (|V_0| − 1)/2, for V_0 ≠ ∅), and D[V_i, V_{2s+1−i}] is a regular bipartite self-complementary subgraph^2 (of degree |V_i|/2) for all i ≥ 1.

E. N(D) = E[V_0] ∪ ⋃_s i=1 E[V_i, V_{2s+1−i}]. Proof: Robinson’s theorem tells us that F (D) is an orbit (proving A), and that any antimorphism σ maps orbits onto orbits, but only maps F (D) onto itself; since σ^2 is an automorphism, the mapping on orbits must be an involution, which proves B. This also proves that there are an even number of orbits apart from F (D), and since |V_i| = |V_{2s+1−i}|, when |V (D)| is odd we must have |F (D)| odd too. The fact that F (D) is empty whenever D has an even number of vertices follows from a result analogous to Theorem 2 (’Every antimorphism of a sc-digraph consists of cycles of even length and, possibly, one fixed vertex’), thus establishing part C. Part D also follows from B; we omit the details.

We now prove part E. By virtue of B, we have that N(D) is a subset of the right hand side, and we only have to show equality. Let uv ∈ E[V_0], let σ be an antimorphism which fixes u, and f(u) = v for some automorphism f. Then fσ is an antimorphism with fσ(u) = v, and thus uv ∈ N(G). Now let uv be an edge with u ∈ V_i, v ∈ V_{2s+1−i} for some i ≥ 1; choose an arbitrary antimorphism σ, let σ(u) = w and g(w) = v for some automorphism g. Then gσ is an antimorphism with gσ(u) = v, so uv ∈ N(G). □

5 Regular self-complementary graphs

Regular graphs often have a great deal of structure, and there are special classes of regular graphs (such as the strongly regular, distance regular or vertex-transitive) which present even more structure. In general these special classes overlap partially, but in the selfcomplementary case several classes completely contain other classes, forming two grand hierarchies (Figure 4). Much of the second hierarchy holds even for (di)graphs which are not self-complementary. This classification is the work of 29 authors [2, 4, 5, 6, 9, 11, 12, 15, 16, 17, 21, 25, 26, 27, 28, 30, 31, 34, 35, 36, 37, 38, 40, 41, 42, 43] which is gathered here for the first time.

In Section 1 we defined the sets F̂ (G), F (G), and N(G), and the parameters t(v) and t(v) of a vertex v. Also, for any edge e of a graph G, we define t(e) to be the number of triangles of G containing e. If t(e) is the same for all edges of G, we say that G is edge triangle regular; if, moreover, the graph is regular, then we say that it is strongly edge triangle regular, or just SETR for short. The terms vertex triangle regular, strongly vertex triangle regular and SVTR are defined analogously.

A graph which is both vertex- and edge-transitive is said to be symmetric, whereas a (di)graph which is vertex- and arc-transitive is said to be strongly symmetric. With the exception of ⃗K_2, all connected arc-transitive graphs and digraphs are vertex-transitive, and thus strongly symmetric. The concept of edge-transitivity is not defined for digraphs, so the term “symmetric digraph” is sometimes used to describe strongly symmetric digraphs.

2A bipartite sc-graph G is a spanning subgraph of K_{a,b} that is isomorphic to its bipartite complement K_{a,b} − G.

We need to define the class of P^∗-graphs. These have vertex-set GF (p^r), where p ≡ 3 (mod 4) and r is even; two vertices being adjacent iff their difference is in the set {ω^j : j ≡ 0, 1 (mod 4)}, for some fixed primitive root ω of the field. It can be shown that this does not depend on the choice of primitive root, and that the only P^∗-graph that is also a Paley graph has order 9.

8. The First Hierarchy. Let G ≠ ⃗K_2 be a self-complementary graph or digraph. Then the following conditions are equivalent

A. G is edge-transitive B. G is arc-transitive C. G is symmetric D. G is strongly symmetric E. G is distance transitive A symmetric sc-digraph D on n vertices exists if and only if n = p^r for some odd prime p; and D is either the Paley tournament (whenever n ≡ 3 (mod 4)), or the Paley graph or P^∗-graph (whenever n ≡ 1 (mod 4)), or an exceptional graph on 23^2 vertices.

The Paley digraphs on a prime number p of vertices are the only circulant symmetric sc-digraphs; they are also the only symmetric sc-digraphs on p vertices.

For sc-graphs, either of conditions A, B, C, D, E imply the following equivalent conditions:

F. G is strongly regular G. G is strongly edge triangle regular H. G is distance regular and each of these, in turn, implies the following equivalent conditions:

I. G is strongly vertex triangle regular. J. G is regular and F̂ (G) = V (G).

Strongly regular sc-graphs on n vertices exist when n ≡ 1 (mod 4) is a prime power; they do not exist when n is not the sum of two squares. □

If p is a prime divisor We use a^b||c to mean that a^b divides c, but a^{b+1} does not.

9. The Second Hierarchy. If G is a self-complementary graph or digraph, then it is not a Graphical Regular Representation and the following are equivalent:

A. G is vertex-transitive.

B. F (G) = V (G).

C. N(G) = E(G).

Infinite vertex-transitive sc-graphs exist if n is countably infinite or of order the power of the continuum. Finite vtsc-graphs exist if and only if n = 4k + 1 is the sum of two squares, that is, iff p^r ||n ⇒ p^r ≡ 1 (mod 4) (for p prime), while circulant sc-graphs exist iff p|n ⇒ p ≡ 1 (mod 4) (for p prime).

Every circulant digraph is a self-converse Cayley digraph, which in turn is a vertextransitive (or coset) digraph. For digraphs D on a prime number p of vertices this hierarchy collapses (that is, D is vertex-transitive iff it is circulant) and, moreover, consists just of graphs and tournaments (the vertex-transitive sc-graphs on p vertices, and all vertex-transitive tournaments). On p^2 vertices (where p is prime, p ≡ 3 (mod 4)), every circulant sc-digraph is a tournament.

Circulant sc-tournaments are just the circulant tournaments, which exist for all odd n. The only symmetric circulant sc-digraphs are the Paley graphs and Paley tournaments on a prime number of vertices. □ We note that one of the problems posed in the survey [9, 3.44.B(2)] has been solved by V. Liskovets [22] — mixed sc-circulants (i.e. circulant sc-digraphs which are neither graphs nor tournaments) do exist. One easy construction is to take the lexicographic product X(Y ) of two self-complementary circulants X and Y , so long as X and Y are not both tournaments and not both graphs. By taking X to be a circulant sc-graph on x vertices, and Y a circulant sc-tournament on y vertices, we obtain mixed sc-circulants on xy vertices, for any x with prime divisors all congruent to 1 (mod 4), and any odd y.

Li and Praeger [20] constructed infinitely many vertex-transitive self-complementary graphs that are not Cayley graphs; while Liskovets and Pöschel [23, 24] and, independently, Li and Jajcay [19] constructed infinitely many circulant sc-graphs and sc-digraphs with no Cayley isomorphism to their complement.

† edge-transitive ⇔ arc-transitive ⇔ symmetric ⇔ strongly symmetric ⇔ distance-transitive ⇔ n = p^r

SVTR ⇔ regular and F̂ (G) = V (G)

SETR ⇔ strongly regular ⇔ distance regular ⇒ n = a^2 + b^2 P (p) Cayley digraphs coset digraphs ⇔ vertex-transitive ⇔ F (G) = V (G) ⇔ N(G) = E(G) Not GRRs.

circulant digraphs ⇔ ∀p|n p ≡ 1(mod 4)

GRR †

SETR P (p)

LEGEND

Paley graph or tournament on p vertices, p prime Graphical Regular Representation for all graphs, arc-tr. ⇔ s. symm. for digraphs, edge-tr. and symm. are not defined

Strongly vertex triangle regular

SVTR

Strongly edge triangle regular

Figure 4: Regular self-complementary graphs: two interlocking hierarchies

Acknowledgements

Much of the first author’s work on this paper was done as part of Chapter 3 of his M.Sc. thesis [9] at the University of Malta; the rest while he was doing his Ph.D. at the University of Waterloo in Canada. The support of the Canadian government, which is fully financing his studies there through a Canadian Commonwealth Scholarship, is gratefully acknowledged. He would also like to thank Bruce Richter for his comments on the presentation of the paper.

References

[1] J. Akiyama and F. Harary, A graph and its complement with specified properties.

IV. Counting self-complementary blocks, J. Graph Theory 5 (1981a), 103–107. MR 82i:05062d.

[2] B. Alspach, On point-symmetric tournaments, Can. Math. Bull. 13 (1970), 317–323.

MR 42:7558.

[3] B. Alspach and C.H. Li, Constructing graphs that are self-complementary and vertextransitive, in preparation.

[4] B. Alspach, J. Morris and V. Vilfred, Self-complementary circulant graphs, Ars Combin. 53 (1999) 187–191 MR 2001b:05184

[5] C. Chao and J.G. Wells, A class of vertex-transitive digraphs, J. Combin. Theory (B) 14 (1973), 246–255. MR 47:8339.

[6] G.L. Chia and C.K. Lim, A class of self-complementary vertex-transitive digraphs, J. Graph Theory 10 (1986), 241–249.

[7] C.J. Colbourn and M.J. Colbourn, Isomorphism problems involving self-complement-ary graphs and tournaments, in Proc. Eighth Manitoba Conference on Numerical Math. and Computing (Univ. Manitoba, 1978), Utilitas Math., Winnipeg, Congr . Numer. 12 (1979), 153–164. MR 81c:05082.

[8] W.J.R. Eplett, Self-converse tournaments, Can. Math. Bull. 22 (1979), 23–27. MR 80j:05068.

[9] A. Farrugia, Self-complementary graphs and generalisations: a comprehensive reference manual, M.Sc. thesis, University of Malta, http://www.math.uwaterloo.ca/~afarrugia/sc-graph.html, August, 1999.

[10] J.X. Feng, C.L. Wang, Y.J. Dai, C.X. Zhang and Y.S. Yang, The construction of regular self-complementary graphs and Kotzig’s conjecture, J. Dalian Univ. Tech. 37 3 (1997) 335–339 MR 98g:05123

[11] D. Fronček, A. Rosa and J. Širáň, The existence of selfcomplementary circulant graphs, European J. Combin. 17 (1996), 625–628, (doi:10.1006/eujc.1996.0053). MR 97d:05235.

[12] J.M. Goethals and J.J. Seidel, Orthogonal matrices with zero diagonal, Canad. J.

Math. 19 (1967), 1001-1010.

[13] N. Hartsfield, On regular self-complementary graphs, J. Graph Theory 11 (1987), 537–538.

[14] W. Imrich, Assoziative Produkte von Graphen, Österreich. Akad. Wiss. Math.-Natur.

Kl. S.-B. II 180 (1972), 203–239.

[15] M. Klin, V.A. Liskovets and R. Pöschel, Analytical enumeration of circulant graphs with prime-squared number of vertices, Sem. Lothar. Combin. 36 (1996), Art. B36d, 36 pp. (electronic). MR 97k:05104.

[16] A. Kotzig, Selected open problems in graph theory, in Graph Theory and Related Topics (Univ. Waterloo, 1977), eds. J.A. Bondy and U.S.R. Murty, Academic Press, New York, 1979, 358–367. MR 80e:05004.

[17] C.H. Li, On self-complementary vertex-transitive graphs, Comm. Algebra 25 12 (1997) 3903–3908 MR 98k:05119

[18] C.H. Li, On finite graphs that are self-complementary and vertex-transitive, Australas. J. Combin. 18 (1998) 147–155 MR 99g:05097

[19] C.H. Li and R. Jajcay, Constructions of self-complementary circulants with no multiplicative isomorphisms, European J. Combin. 22 (2001) 1093–1100.

[20] C.H. Li and C.E. Praeger, Self-complementary vertex-transitive graphs need not be Cayley graphs, Bull. London Math. Soc. 33 6 (2001) 653–661 CMP 1 853 775

[21] C.K. Lim, On graphical regular representations of direct products of groups, J. Combin. Theory (B) 24 (1978), 242–246.

[22] V.A. Liskovets, private communication.

[23] V. Liskovets and R. Pöschel, Non-Cayley-isomorphic self-complementary circulant graphs, Preprint: MATH-AL-18-1997, TU Dresden.

[24] V. Liskovets and R. Pöschel, Non-Cayley-isomorphic self-complementary circulant graphs, J. Graph Theory 34 2 (2000) 128–141 MR 2001e:05056

[25] M. Muzychuk, On Sylow subgraphs of vertex-transitive self-complementary graphs, Bull. London Math. Soc. 31 (1999), no. 5, 531–533. MR 2000i:05093. CMP 1 703 877 (99:16).

[26] B.R. Nair, Studies on triangle number in a graph and related topics, Ph.D. Thesis, School of Mathematical Sciences, Cochin University of Science and Technology, India, October, 1994.

[27] B.R. Nair and A. Vijayakumar, About triangles in a graph and its complement, Discrete Math. 131 (1994), 205–210. MR 95f:05058.

[28] B.R. Nair and A. Vijayakumar, Strongly edge triangle regular graphs and a conjecture of Kotzig, Discrete Math. 158 (1996), 201–209. MR 97d:05283.

[29] W. Peisert, Direct product and uniqueness of automorphism groups of graphs, Discrete Math. 207 (1999) 189-197. MR 2000g:05073.

[30] W. Peisert, All self-complementary symmetric graphs, J. Algebra 240 1 (2001) 209- 229. CMP 1 830 551

[31] S.B. Rao, On regular and strongly-regular self-complementary graphs, Discrete Math.

54 (1985), 73–82. MR 86g:05089.

[32] G. Ringel, Selbstkomplementäre Graphen, Arch. Math. 14 (1963), 354–358. MR 25:22.

[33] R.W. Robinson, Enumeration of Euler graphs, in Proof Techniques in Graph Theory (Proc. 2nd Ann Arbor Graph Theory Conf., Ann Arbor, Mich., 1968), Academic Press, New York, 1969, 147–153. MR 40:7154.

[34] R.W. Robinson, Counting graphs with a duality property, in Proc. 8th British Combinatorics Conf. (Swansea, 1981) ed. H.N.V. Temperley, Cambridge Univ. Press, Cambridge, London Math. Soc. Lecture Note Ser., 52 (1981), 156–18 6. MR 83c:05071.

[35] G. Sabidussi, Vertex-transitive graphs, Monatsh. Math. 68 (1964), 426–438. MR 31:91.

[36] H. Sachs, Über selbstkomplementäre graphen, Publ. Math. Drecen 9 (1962), 270–288.

MR 27:1934.

[37] J.J. Seidel, A survey of two-graphs, in Colloquio Internazionale sulle Teorie Combinatorie (Rome, 1973) Vol. 1, Accad. Naz. Lincei, Rome, Atti dei Convegni Lincei, 17 (1976), 481–511.

[38] J. Turner, Point-symmetric graphs with a prime number of points, J. Combin. Theory 3 (1967), 136–145. MR 35:2783.

[39] J. Xu, A counterexample to an open problem of A. Kotzig concerning self-comple-mentary graphs, (Chinese), Acta Math. Appl. Sinica 14 (1991), 125–127. MR 96b:05096.

[40] B. Zelinka, Self-complementary vertex-transitive undirected graphs, Math. Slovaca 29 (1979), 91–95. MR 81h:05116.

[41] H. Zhang, Self-complementary symmetric graphs, J. Graph Theory 16 (1992), 1–5. [42] H. Zhang, On edge transitive circulant graphs, Tokyo J. Math. 19 (1996a), 51–55.

MR 97d:05239.

[43] H. Zhang, Characterization of self-complementary symmetric digraphs, Discrete Math. 161 (1996b), 323–327. MR 97f:05168.

[44] S.C. Zhou, Regular self-complementary graphs, Mathematica Applicata. Yingyong Shuxue 9 (1996) 50–53 MR 98g:05130