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Abstract

Let D be a connected oriented graph. A set S € V(D) is convex in D if, for every pair of vertices x, y € S, the vertex set of every
x — y geodesic (x — y shortest dipath) and y — x geodesic in D is contained in S. The convexity number con(D) of a nontrivial
oriented graph D is the maximum cardinality of a proper convex set of D. Let G be a graph. We define that S¢(G) = {con(D): D
is an orientation of G} and Sgc(G) = {con(D): D is a strongly connected orientation of G}. In the paper, we show that, for any
n>4,1<a<n — 2, and a # 2, there exists a 2-connected graph G with n vertices such that Sc(G) = Sgc(G) = {a,n — 1} and
there is no connected graph G of order n >3 with Sgc(G) = {n — 1}. Then, we determine that S¢ (K3) = {1, 2}, Sc(Ky4) = {1, 3},
Ssc(K3)=Ssc(Ka)=(1}, Sc(K5)=1{1, 3,4}, Sc(Ke)={1. 3.4, 5}, Ssc (K5)=Ssc (Ke)=(1. 3}, Sc (Kn)={1,3,5.,6, ....n—1},
Ssc(Kn) ={1,3,5,6,...,n — 2} for n>7. Finally, we prove that, for any integers n, m, and k with n>5,n + 1<m< (%) — 1,
l<k<n —1,and k # 2, 4, there exists a strongly connected oriented graph D with n vertices, m edges, and convexity number k.
© 2007 Published by Elsevier B.V.
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1. Introduction

Convexity in graphs is discussed in the book by Buckley and Harary [1] and studied by Harary and Nieminen [5].
The concept of convexity number of an oriented graph was first introduced by Chartrand et al. [3].

Graphs considered in the paper are finite, without loops or multiple edges. In a graph G = (V, E), V(or V(G)) and
E(or E(G)) denote the vertex set and the edge set of G, respectively. A cut vertex v is a vertex in a connected graph G
with G — {v} being disconnected. A block of a graph G is a maximal connected subgraph of G without a cut vertex. A
block B of G is an end block of a graph G if B contains exactly one cut vertex of G. An oriented graph is an orientation
of some graph. In an oriented graph D = (V, E), V(or V(D)) and E(or E(D)) denote the vertex set and the edge set
of D, respectively. An oriented subgraph D' = (V’, E’) of an oriented graph D = (V, E) is an oriented graph with
V/ C V and E’ C E. An oriented graph is connected if its underlying graph is connected. A diparh is a sequence
(v1, v2, ..., vg) of vertices of an oriented graph D such that vy, vy, ..., v; are distinct and (v;, vi+1) € E(D) for
i=1,2,...,k— 1. An oriented graph is called strongly connected if for any two distinct vertices u and v, there exists
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a dipath from u to v. A strong component of an oriented graph D is a maximal strongly connected oriented subgraph
in D.

A u — v geodesic in a digraph D is a shortest u — v dipath and its length is dp (u, v). The closed interval I[u, v]
between two vertices u and v of a digraph D is the set of all vertices lying on a u — v or v — u geodesic(if it exists) in
D. If there is no u — v and v — u geodesics, then we define that /[u, v]p = {u, v}. A nonempty subset S of the vertex
set of a digraph D is called a convex set of D if, for every u, v € S, every vertex lying on a u — v or v — u geodesic
belongs to S. For a nonempty subset A of V (D), the convex hull [A] is the minimal convex set containing A. Thus
[S]= S if and only if S is convex in D. The convexity number con(D) of a digraph D is the maximum cardinality of a
proper convex set of D. A maximum convex set S of a digraph D is a convex set with cardinality con(D). Since every
singleton vertex set is convex in a connected oriented graph D, 1 < con(D) <n — 1. The degree deg(v) of a vertex v in
an oriented graph is the sum of its indegree and outdegree; that is, deg (v) =id (v) + od(v). A vertex v is an end-vertex
if deg(v) = 1. A source is a vertex having positive outdegree and indegree 0, while a sink is a vertex having positive
indegree and outdegree 0. For a vertex v of D, let N T (v) = {x: (v, x) € E(D)} and N~ (v) = {x: (x, v) € E(D)}. Soif
v is a source, then N~ (v) = @, while if v is a sink, then N (v) = . A vertex v of D is a transitive vertex if od (v) > 0,
id(v) >0, and for every u € NT(v) and w € N~ (v), (w, u) € E(D). For a nontrivial connected graph G, we define
that the convexity-spectrum Sc (G) of a graph G as the set of convexity numbers of all orientations of G and the strong
convexity-spectrum Ssc(G) of a graph G as the set of convexity numbers of all strongly connected orientations of
G. If G has no strongly connected orientation, then Ssc(G) is empty. Then the lower orientable convexity number
con” (G) of G is the minimum convexity number among the orientations of G and the upper orientable convexity
number con™ (G) is the maximum convexity number among the orientations of G; that is, con™ (G)= min S¢(G) and
con™(G)=max Sc(G). Hence, for every nontrivial connected graph G of order n, 1 <con™(G) <cont(G)<n — 1.

Chartrand et al. [3] characterized the nontrivial connected oriented graphs of order n with convexity number n — 1,
and showed that there is no connected oriented graph of order at least 4 with convexity number 2. They also showed
that every pair k, n of positive integers with 1 <k<n — 1 and k # 2 is realizable as the convexity number and order,
respectively, of some connected oriented graph.

In the paper, we show that for any n >4, 1 <a<n —2 and a # 2, there exists a 2-connected graph G with n vertices
such that Sc(G) = Ssc(G) = {a, n — 1}, and there is no connected graph G of order n >3 with Sgc (G) ={n — 1}. Then
we prove that Sc (K3) ={1, 2}, Sc(K4) ={1, 3}, Ssc (K3) = Ssc (K4) ={1}, Sc(Ks5) ={1, 3, 4}, Sc (K¢) ={1, 3, 4, 5},
Ssc(Ks5) = Ssc(Kg) ={1,3}, Sc(K,) ={1,3,5,6,...,n— 1}, Ssc(Ky) ={1,3,5,6,...,n — 2} for n >7. Finally,
for any integers n, m, and k withn>5,n 4+ 1<m < (g) —1,1<k<n — 1, and k # 2, 4, we prove that there exists a
strongly connected oriented graph D with n vertices, m edges, and convexity number k.

2. Constructing oriented graphs with fixed lower orientable convexity number and upper orientable
convexity number

For each connected graph G of order n >2, there exists an acyclic orientation D of G. Then D has a source v and
V(D) —{v}is a convex set. This implies thatn — 1 € S¢(G). The following two useful results were proved by Chartrand

et al. in [3].

Theorem 1 (Chartrand et al., [3]). Let D be a connected oriented graph of order n >2. Then con(D) =n — 1 if and
only if D contains a source, sink, or transitive vertex.

Theorem 2 (Chartrand et al., [3]). There is no connected oriented graph of order at least 4 with convexity number 2.

Farrugia [4] proved that a connected graph of order at least 3 has no end-vertex if and only if con™ (G) and con™ (G)
are different.

Theorem 3 (Farrugia [4]). Suppose G is a connected graph of order n>3. Then con™ (G) <cont(G) if and only f G
has no end-vertex.

The following result is immediate from Theorem 3.
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Corollary 4. Suppose G is a connected graph of order n >3. Then |Sc(G)| =2 if and only if G has no end-vertex.

By Theorem 4, for any connected graph G of order n >3, |Sc(G)| = 1 if and only if G has an end-vertex.
If a connected graph G has a cut vertex then there is a lower bound of con™ (G) related to the cardinality of a minimum
end block of G.

Lemma 5. Let G be a nontrivial connected graph of order n >3 and B be a minimum end block B. If D is an orientation
of G, then con(D) >n — |B| + 1.

Proof. Suppose D is an orientation of G and u is the cut vertex of G withu € V(B).Let D —{u}=D;UDyU---U Dy
where each D; is a component of D — {u} fori =1, 2, ..., k. Without loss of generality, V(D) = V(B) — {u}. Itis
clear that V(D) — V(Dy) is aconvex set and |V (D) — V(D;)|=n — |B| + 1. Thencon(D)>n — |B|+ 1. U

According to Lemma 5 and B being a minimum end block of G, we have that
Theorem 6. For positive integer n >3, there exists a connected graph G with con™ (G) > (n + 1)/2.

Next, we show that for any 1 <a <n — 2 with a # 2, there exists a 2-connected graph G with n vertices such that
con (G) =a and con™(G) =n — 1.

Theorem 7. For every pair of positive integers n and a withn >4, 1 <a<n —2 and a # 2, there exists a 2-connected
graph G with n vertices such that Sc (G) = Ssc(G) ={a,n — 1}.

Proof. For a = 1, define a connected graph G| = (Vi, E{) with V| = {u, v, v, v2, ..., v,—2} and E| = {uv} U
{uvi,vivii =1,2,...,n — 2}. Then G is 2-connected. Let D be an orientation of G . Without loss of generality,
(u,v) € E(D). If D has a source, sink, or transitive vertex then con(D) = n — 1. So, suppose that D has no source,
sink, or transitive vertex. Then D is strongly connected. Hence there exists i such that (v, v;, u) is a geodesic in D. If,
forevery 1< j<n —2, (v, v}, u) is a geodesic in D then, for any two distinct vertices x and y of D, u, v € I[x, y] and
[{x, y}] = V(D); that is, con(D) = 1. Hence we have that Sc(G1) = Ssc(G1) ={l,n — 1}.

Assume that 3 <a <n—2 and define G, as the graph with V(G,)={u, v, u1, ..., ty—q, V1, ..., V4—2}and E(G,) =
{uv, uuy, vu,_g} U{uv;, vu;: 1<i<a — 2} U {ujui41: 1<i <n —a — 1}. It is evident that G, is 2-connected.

Let D,,_1 be the orientation of G, with E(D,,_1)={(u, v), (u, v1), (vi, v),(v, up—g), (U, u)}J{(v, v;), (v;, u):2<i
<a -2} U{(Wj1,ui):1<i<n —a — 1}. Fora>3, D,_1 is a strongly connected graph and v is a transitive in D;.
Then con(D,,_1) =n — 1;thatisn — 1 € Sc(G,) N Ssc(Gy).

Let D be an orientation of G, with con(D) <n — 1. By Theorem 1, D has no sink, source, or transitive vertex.
Without loss of generality, assume that (u, v) € E(D). Then (v, v;, u) is a geodesic in D fori =1,2,...,a — 2. By
n — a >2, the length of the path (u, uy, ..., u,—q4, v) in G, is greater than 2. Since u1, uz, ..., uy_, are not sources
or sinks, either (u, uy, up, ..., uy—g,v)or (U, up—q,Uyn—gq—1, ..., U1, u)isin D. For either (u, uy, up, ..., uy_q, v) Or
(v, Up—g, Un—g—1, ..., U1, u) being in D, D is strongly connected and the set {u, vy, ..., v4—2, v} iS a proper convex
set in D. If a convex set S contains vertices u#; and x for some x € V(D) — {u;} then I'[u;, x] contains vertices u,
v, Uy, ..., Up—q. This implies that [{u;, x}] = V(D). So, if S is a proper convex set in D then S does not contain
vertices u ;. Thus {u, vy, ..., v4_2, v} is the unique maximum proper convex set of D. Hence con(D) =a. The proof is
complete. [J

Corollary 8. For every pair of positive integers n and a withn >4, 1 <a<n — 1 and a # 2, there exists a connected
graph G with n vertices such that Sc(G) = {a,n — 1}.

Proof. For 1 <a<n — 2 and a # 2, by Theorem 7, there is a connected graph G such that Sc(G) = {a,n — 1}. If
a =n — 1, then we take G to be a tree; Sc(G) ={n — 1}. U

Corollary 9. For every pair of positive integers n and a withn >4, 1 <a<n — 1 and a # 2, there exists a connected
graph G with n vertices such that con™(G) = a and con™(G) =n — 1.
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Theorem 10 (Menger’s Theorem [7]). Suppose n and k are positive integers withn >k + 1. Then a graph G of order
n is k-connected if and only if any two distinct vertices of G are connected by at least k internally-disjoint paths.

The following theorem can be proved by Theorem 2 of [4]. We give an another proof in the following.
Theorem 11. There is no connected graph G of order n >3 with Ssc(G) = {n — 1}.

Proof. Suppose G is a connected graph with Ssc(G) = {n — 1}. Then there exists a strongly connected orientation
of G. This implies that every block of G is 2-connected; that is, each block has at least 3 vertices. If every block of G
has a strongly connected orientation without transitive vertex then there is a strongly connected orientation D without
source, sink, transitive vertex. By Theorem 1, con(D) < n — 1. This contradicts our assumption that Sgc (G) = {n — 1}.
So, it remains to construct a strongly connected orientation of G without transitive vertex in the next paragraph.

Suppose G’ is 2-connected. Claim that there exists a strongly connected orientation D of G’ without a transitive
vertex. By Menger’s Theorem, we have that the property (*): for three distinct vertices x, y, z of G’, there exist two
paths Py from x to y and P, from x to z in G’ such that V (Py) N V(P2) = {x}.

Since G’ is 2-connected, there exists a cycle (vy, va, ..., vk, v1) which is an induced subgraph of G’. (i.e. there is not
any chord in (vy, vy, ..., Vg, v1)). Define the directed cycle (vy, va, ..., vk, v1) in D. We have that, for each i, either v;
has an out neighbor and an in neighbor which are nonadjacent or (vy, vz, v3, v1) is a directed cycle in D. This implies
that vertices vy, vy, . . . , U are not source, sink, or transitive vertex. Let S} ={vy, va, ..., v }. If V(G’) — S is not empty
then, by the property (*), there is a shortest path (v;, x1, ..., x,, v;) of G’ satisfying (k>i > j>1and (i, j) # (k, 1))
or (i, j)=(1,k) such that7 >1 and xy, ..., x, ¢ S1. Define the directed path (v;, x1, ..., x», v;) is in D. We observe
that if » > 1 then each vertices of x, ..., x, has an out neighbor and an in neighbor that are nonadjacent in G’ by
(vi, x1, ..., xr, v;) being shortest. If » = 1 then either v;v; ¢ E(G')or (vj,v;) € E(D). Let S =81 U {x1, ..., x}.
The other edges between two vertices of S, are assigned random directions in D. Therefore each vertex of x, ..., x,
is not source, sink, or transitive vertex in D. Repeatedly, we can find a shortest path (x, yi, ..., ys, y) withxy ¢ E(G’)
or (y,x) € E(D) suchthats>1 and y, ..., ys ¢ S;, then define the directed path (x, yi, ..., ys, y) is in D, and let
Si+1 =S8 U{y1,...,ys}. The other edges between two vertices of S;1| are assigned random directions in D. Until
Si11 = V(G’), we obtained a strongly connected orientation D of G without source, sink, or transitive vertex. [

3. Strong convexity spectra of complete graphs

In this section, we determine the convexity-spectra and the strong convexity-spectra of complete graphs. Since
Sc(G)={con(D): D is an orientation of G} and Ssc(G) ={con(D): D is a strong orientation of G}, Ssc(G) C Sc(G).
An orientation of the complete graph of order n is called a fournament of order n. In a strongly connected graph D, the
diameter of D is denoted by diam(D).

We find some strongly connected tournaments D of order n >3 with con(D) = 1.

Lemma 12. Suppose n is a positive integer with n >3 and n # 4. Then there exists a strongly connected tournament
D of order n with d(D) = 2 and con(D) = 1 and every strongly connected tournament of order 4 has diameter 3.

Proof. If n =4, then all strongly connected tournaments of order 4 are isomorphic. It is easy to check that the diameter
of every strongly connected tournament of order 4 is 3.

Suppose n is a positive integer with n >3 and n # 4. For n = 3, a directed cycle D; with the vertex set {a, b, c}
has d(D1) = 2 and con(D;) = 1. For n = 5, Let D; be the oriented graph with V(D,) = V(D1) U {x, y} and
E(Dy) =E(Dy) U{(u,x), (y,u):u € V(D1)}U{(x,y)}. We can find that D, has d(D;) =2 and con(D,) = 1. For
n=6, let D3 be the oriented graph with V (D3)=V (D»)U{z} and E(D3)=E(Dy)U{(a, 2), (b, 2), (x, 2), (z,¢), (2, y)}.
We also can find that D3 has d(D3) = 2 and con(D3) = 1. For n >7, if we have a strongly connected tournament D’
with ordern — 1, d(D’") =2, and con(D’) = 1, then let D be the oriented strongly connected tournament with the vertex
set V(D') U {s, t} and the edge set E(D’) U {(u, s), (t,u):u € V(D')} U {(s, 1)}.We have that D has d(D) = 2 and
con(D) = 1. By induction, we can get the theorem. [

Lemma 13. If D is a strongly connected tournament of order n >3, then con(D) <n — 2.
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Proof. Let S be a set of vertices in D with |S| =n — 1. Then there exists a vertex v € V(D) — S. Let X = {x €
V(D):(x,v) € E(D)}and Y ={y € V(D): (v, y) € E(D)}. By D being a strongly connected tournament, there exist
x € X and y € Y such that (y,x) € E(D). Thus (x, v, y) is a geodesic in D. Then S is not a convex set; that is,
con(D)<n-—2. 0O

Lemma 14. For n > 6 being a positive integer, 4 ¢ Ssc (Ky).

Proof. Suppose D be a strongly tournament with S being a proper convex set of 4 vertices in D. Then the induced
subgraph H of S is strongly connected. Since diam(H) = 3, there is a geodsic (a, b, ¢, d) in the induced subgraph of
S.Let A={u:u € V(D) — Sand (u,a) € E(D)}and B={v:v € V(D) — Sand (d,v) € E(D)}. Takeu € A and
v € B. Since (a, b, ¢, d) is a dipath of D and S is convex, (u, b), (c,v) € E(D). If (u, b), (c,v) € E(D) then, by S
being convex, (u, ¢), (b, v) € E(D). Similarly, we have that (u, d), (a, v) € E(D). By diamp(a,d) =3 and S being
convex, A and B are disjoint and (u, v) € E(D) foru € Aandv € B.If V(D) — (S U A U B) is empty, then D is not
strongly connected. So, there exists a vertex x € V(D) — (SU A U B) with (a, x), (x,d) € E(D). It contradicts that
diamp(a,d) = 3. Hence, 4 ¢ Ssc(K,,) forn>6. [

We combine the ideas in 12—-14 to get the following Theorem.

Theorem 15. Ssc(K3) = Ssc(K4) = {1}, Ssc(Ks) = Ssc(Ke) = {1, 3}, and Ssc(K,) ={1,3,5,6,...,n =2} for
integern >77.

Proof. For n = 3 or 4, by Theorem 2, Lemma 12 and 13, Ssc(K3) = Ssc(K4) = {1}. For n>5, by Lemma 12,
1 € Ssc(K,); and by Theorem 2 and Lemma 13 and 14, 2,4,n — 1 ¢ Sgc(K,). In the following paragraphs, we
construct a strongly connected tournament D with order n >5 and con(D) =k for 3<k<n — 2 and k # 4.

Suppose n>5, 3<k<n — 2 and k # 4. Let the vertex set of K, be {vi,va, ..., vk, U, u2, ..., up—x}, V =
{vi,vo, ..., v, and U = {uy, uo, ..., upy—r}.

By Lemma 12, there exists a strongly connected oriented graph D with the vertex set V, (vx, v1) € E(Dy),d(D1)=2,
and con(Dq) = 1. Let D; be the oriented graph with the vertex set U and the edge set {(u;, u;): 1<i < j<n —k} —
{(ur, up—i)} U{(uy—k, u1)} forn — k>3.If n — k = 2 then the edge set of D, is defined by {(u2, u1)}. Let D3 be the
oriented graph with the vertex set V U U and the edge set {(u1, v;): 1 <i <k} U {(vi, uy): 1<i<kand 2<I<n — k}.
Define that D is a strongly connected orientation of K,, with E(D) = E(D1) U E(D>) U E(D3).

By Lemma 12, dp(v;, v;) <2 forall 1<i < j<k.And u; ¢ I[v;, vj]in D forall i, j,[. Then Vis a convex set of D.

Let S be a convex set of D. If there exist 1 </ <m <n — k such that u;, u,, € S, then I[u,,, u;] contains vertices u
and u, . Since (u1, up, uy—k) and (u1, v;, uy—k) are uy — u,—k geodesicsin V(D) forall 1 < p <n —k and 1<i <k,
S = V(D). If there exist 1 <I/<n — k and 1<m <k such that u;, v,, € S, then I[u;, v, ] contains vertices u; and
u,—r. By the same above reason, S = V(D). So, we have that V is a maximum convex set with V # V(D). Thus,
con(D)=|V|=k. O

Lemma 16. For positive integer n>7,4 ¢ Sc(K;).

Proof. Suppose D is a tournament of order n > 7. If D is strongly connected then, by Lemma 14, con(D) # 4. Assume
that D is not strongly connected. Then there exists a strong component S of D such that (x,y) € E(D) for each
xeV(D)—Sandy e S.If |S|=1o0r |V(D) — S| =1, then D has a sink or a source; that is, con(D) =n — 1 # 4. If
|SI, |V(D) — S| >1,then, forx € V(D) —Sand y € §, SU {x} and (V(D) — S) U {y} are proper convex sets in D;
thatis, con(D)>n/2 +1>4. O

Theorem 17. S¢(K3) ={1, 2}, Sc(K4) ={1, 3}, Sc(K5)={1, 3,4}, Sc(K¢) ={1,3,4,5} and Sc(K,)={1,3,5,6,
..., n — 1} for integer n >17.

Proof. Since every acyclic orientation D has a source, con(D) =n — 1. Then n — 1 € Sc(K,) for n>2. By
Ssc(G) € Sc(G), Theorem 15, and Lemma 16, we have that Sc (K3)={1, 2}, Sc (K4)={1, 3}, Sc(Ks5)={1, 3, 4},and
Sc(Kn)={1,3,5,6,...,n—1}forinteger n >7. For K¢, we have an orientation D with V (D) ={v1, vz, v3, v4, Vs, Vg}
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and E(D) = {(v1, v2), (v2, v3), (v3, V1), (v4, v5), (s, V6), (V6, V4)}U{(V;, v;): 1<i <3 and 4 < j <6} with con(D) =
4({vy, v2, v3, v4} is @ maximum convex set). Thus, Sc(Kg) = {1, 3,4, 5}. U

4. Constructing strongly connected oriented graphs with fixed order, size, and convexity number

Analyzing the orientation D in the proof of Theorem 15, we have the following remarks. (We use the same notations
in the following remarks.)

Remark 18. For 1<i < j <k, {vr, v} € [{v;, v;}] and [{vy, vg}] = V. Then Vis a convex set in D.

Remark 19. (1) For2</<n —k — 1, (uy, u;, up—x) is a geodesic in D.
(2) For 1 <i <k, if kis odd then (u1, v;, u,—¢) is a geodesic in D, and if k is even and i 7# k — 1 then (u1, v;, u,—k)
is a geodesic in D and (vg, vk—1, v1) is a geodesic in D.

Remark 20. Every vertex of U except u1 and u,_; belongs to a unique u| — u,—; geodesic in D.
Remark 21. For 1<l <m<n —k, {uy, up—x} € [{us, uy}] and [{uy, u,—r}] = V(D). Then [{u;, u,,}1 = V(D).
Remark 22. For 1<i<kand 1 <I<n —k, {uy,u,—r} C [{v;, u;}]. Then [{v;, u;}] = V(D).

Lemma 23. Let D be a connected oriented graph of order n>=5. If V(D) =V U U where V = {v, va, ..., v},
U={ui,uz,...,un—k},k=3 and n — k >2 satisfying two conditions:

(1) Hvi,vj}1=V, foreveryi < jand
(2) [{u1, un—x}]= V(D) and uy, un—i € [{x, y}] for every two vertices x, y withx € U and y € V(D) — {x},

then V is the unique maximum convex set in D and con(D) = |V|.

Proof. By condition (1), we have that V is a convex set in D. According to the condition (2), the convex hull of every
pair of vertices in U is V(D) and the convex hull of every pair u, v withu € U, v € V is also V(D). Then we have V
is the unique maximum convex set in D and con(D) = |V|. O

By Theorem 2, there is no connected graph G of order n >4 with 2 € Sgc(G). In the first theorem of this section, we
consider the existence of strongly connected oriented graphs of order n, size m, and convexity number k where n > 5,
n+1<m< (;) and 3<k<n — 2.

Theorem 24. For integers k,n,m with n>5, 3<k<n — 2,k # 4,andn + 1<m< (g) there exists a strongly
connected oriented graph with n vertices, m edges, and convexity number k.

Proof. Letn, m and k be positive integers withn>5,3<k<n —2,n + 1<m< ('21) In the following, we construct
a strongly connected oriented graph with n vertices, m edges, and convexity number k by examining different cases.

(a) First,form= (g), by Theorem 15, there exists a strongly connected tournament D of order n and convexity number
k.

(b) For () —k(n—k) +4<m < (4), there is a strongly connected oriented graph D with E(D) = E(D1)U E(Dy) U
E(D3) in the proof of Theorem 15. Let S € E(D3)—{(uy, v1), (u1, vi), (V1, upn—i), (g, up—)} with [S|=(5) —m
and H, = D — S. By V being a convex set of D and § € E(D3), V is still a convex set in H,,. By Lemma
12, for every i < j, [{vi, vj}p, = V. Since (uy, u;, up—g), (U1, v1, y—r), (U1, Vg, Up—k) are geodesics in Hy,,
[{ur, un—i}m, = V(Hy). And, for i < j, uy, up— € Ig,[u;, u;]. This implies that [{u;, u;}1g, = V(Hy). By
Lemma 23, V is the unique maximum convex set in H,, and con(H,,) = |V| =k.

(©) For (2) — k(n — k) + 4 — ("";—2) <m<(2) — k(n — k) + 4. Let D' = D — E(D3) U {(u1, 1),

(1, vk), (U1, ks (Vs un—p)}, S S {(ui, uj):2<i < j<n —k — 1} with |S| = (5) — k(n — k) + 4 — m, and
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H,, = D’ — §. Similar to part (b), by Theorem 23, V is the unique maximum convex set in H,, and con(H,,) =
|V|=k.

(d) For 2n —2<m < (;) —k(n —k)+4 — ("_]2‘_2) Define D’ to be a strongly connected oriented graph with

V(D')=VUU and E(D")=E{UEU{(u1, v1), (u1, vi), (1, un—i), (g, un—i)} where Ey ={(v;, v;):i < j} —
{(ur, v)}U{(v1, vi)} and Ea={(un—g, u) YU{(u1, i), Wi, un—1): 1 <i <n—k}.Then |E(D)|=(})—k(n—k)+
4—("—’;—2): (’;)+4+2(n—k—2)+1.Lets C {(wj, vi):2<i <j<k—1}with|S|=(’;)+4+2(n—k—2)+1—m
and H,, = D' — S. We have that |E(H,,)| = m, and V is convex in H,,. For x € U and y € V(H,;) — {x},
uy, up—k € Ig,[x,yl, vi,ve, ur,u2, ... up—k € Ig,luy, up—gl, and Iy, [vr, vi] = V. By Lemma 23, V is the
unique maximum convex set in Hy, and con(H,,) = |V|=k.

(e) Form =2n — 3. (i) If k =n — 2 then let D = (V, E) be the digraph with V = {vj, v2,...,v,} and E =
{1, v), (Wi, vp2):i =2,...,n =3} U{(Wp—2,v1), (Wn—2, Vu—1), (Un—1,Vu), (Un, V1), (V1, Vy—1)}. Then |E| =
2(n —4)4+5=2n—3 and {vy, va, ..., v,—2} is a convex set. If S is a convex set with |S|>n — 1 then there exist
2<i<n —2and n — 1< j<n such that v;, v; € §. We have that vy, v,—2, v,—1,v, € S. Thus § = V. Hence
con(D)=n—2.(Gi) If3<k<n—3andn >6thenlet D= (V, E) be the digraph with V ={v, va, ..., vy} and E=
{(v1,vi), (Wi, ve):i =2, ..., k—1}U{(vx, v1), (Vk, Vk+1)5 (W42, Ve43) YU { (U1, v)), (vj, v1): j=k+2, ..., n}
Then |E| =2k —2)+3+2(n —k — 1) =2n — 3 and {vy, va, ..., vg} is a convex set. For 1 <i<k < j<n,
V1, Uk, k1 € 1, vj]; thatis, [{v;, vj}] = V. For k<i < j<n, vi, v, vgr1 € I[v;, vj]; thatis, [{v;, v;}] = V.
So {v1, va, ..., vk} is the unique maximum convex set. Therefore con(D) = k.

(f) Forn + 1<m<2n — 4. Let a, b be integers with 1 <a<k —2 and 1<b<<n — k — 1. Define H (a, b) to be a
strongly connected oriented graph with V (H (a, b))=V UU and E(H (a, b))=E;UE; where V={v1, v, ..., v},
U={uy,uz,....,up—}, Ex={(v1, v;), (v;, v442): 2<i <a+ 1} U{(vj, vj41):a +2< j <k — 1} U {(vg, v1)} and
Er ={(vk, up— )} U{(uj,uj_1)n —k<j<b+2YU{(ups1, u;), (u;, v1): 1<i<b}. In H(a, b), |E(H(a, b))| =
n+a-+b—1and Vis aconvex set. And Iy pylvi, vil =V and uy, uz, ..., up—k € Ig@plvr, up—i]. If Sisa
convex set containing u#; and u; with i < j then vy, v, up—x € ITg,pylui, ujl; thatis, S = V(H(a, b)).If Sis a
convex set containing v; and u; then vy, vk, uy—k € Ig,p)lvi, u;]; thatis, S = V(H (a, b)). Therefore V is the
unique maximum convex set in H,, and con(H,,) =|V|=k. O

For strongly connected oriented graphs with convexity number 1, we have that:

Theorem 25. For any integers n, m withn >3, n<m < (g) , there exists a strongly connected oriented graph D with
n vertices, m arcs, and convexity number 1.

Proof. First, we consider the case m = ( ;) Define Dy to be an oriented graph with vertex set {vy, v, ..., v,} and arc
set {(vi, vi41): 1<i<n — 1} U{(v;, v;): 3<i +2< j <n}. Since (vg, Vk+1, Vk+2, Vi) 18 a directed cycle of length 3 for
all 1 <k <n—2, we have that (vi41, k42, vk) and (Vg42, Vg, Vk+1) are geodesics in Dy. If a convex set of Dg contains
two consecutive vertices v;, vy for some 1 <i <n — 1, then it must be V (Dg). Suppose that con(Dg) > 1 and S is a
convex set of Do with |S| > 1. Take v;, v; € S withi < j. Then the vertices of the geodesic (v;, vi41, ..., v;) belong
to S. Thus, S contains two consecutive vertices of V (Dg). By the above property, S = V (Dy). Hence, con(Dy) = 1.

Second, we consider the case of 2n —2 <m < (g) —1.LetTbeasubsetof {(v;, v;): 1 <i <j—3<n—3}—{(vy, v1)}
with |T| = (;) —mand D' = Dy — T. If S is a convex set of D’ containing two distinct vertices v; and v; with
i < j,then (v;, viy1,...,v;) is a geodesic in D’; that is, vertices v;, vj+1, ..., v; are in S. Since (vk, Vg+1, Uk—1) and
(Vka1, Vk—1, vg) are geodesics in D' for2<k<n—1and v;, v;11 € S, S =V (D’). Hence D’ is an oriented graph with
m arcs and con(D’) = 1.

Finally, the case n <m <2n — 3. For 1 <k<n — 2, define Dy = (V, E) with V = {ug, uy,...,up—1} and E =
{(uo, ui), (i, up1): 1<i <k} U {(uj, uir1):k + 1<i<n — 2} U {(uy—1, up)}. Then Dy is strongly connected and
|E|=n+k—1. And, for eachi < j, we have that vertices u¢ and u,, 1 are contained in u; — u; and u; — u ; geodesics
and I[ug, u,_1]=V;thatis, con(Dy)=1. O

Consider the strongly connected oriented graphs with convexity number n — 1. By Lemma 13, there is no strongly
connected tournament of order n >3 with convexity number n — 1; and, the convexity number of each directed cycle
is 1. So we have the following theorem.
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Theorem 26. For any integers n and m with n >4, there exists a strongly connected oriented graph D with n vertices,
m arcs, and convexity number n — 1 if, and only if,n + 1 <m < (;) — 1.

Proof. By Lemma 13, there is no strongly connected tournament D of order n >3 with con(D) =n — 1. So, we assume
thatn + 1 <m < (g) —1.Ifn4+1<m< (";1> +2= (g) — (n — 3) then it is easy to construct a strongly connected

oriented graph D’ with n — 1 vertices and m — 2 arcs. Let (1, v) € E(D’) and w be a new vertex. Define an oriented
graph D = (V, E) with V = V(D") U {w} and E = E(D") U {(u, w), (w, v)}. Then D is a strongly connected graph
with n vertices and m edges, and w being a transitive vertex of D. Thus con(D) =n — 1.

If (5) — (n —4)<m<(5) — 1 and n=>5 then, let r = () — m, define a strongly connected graph D = (V, E)
with V = {vg,va, ..., v} and E = {(vg, vp): 1<a<b<n — 2} U {(ve,vg):r + 1<c<n—2andn — 1<d<n} U
{(vp—1,vi): 1<i <r} U {(vy, v,—1)}. We observe that D is a strongly connected oriented graph with n vertices and m
edges, and v, is a transitive vertex of D. Therefore con(D) =n — 1. 0O

For the remained cases, we have the following result.
Theorem 27. Suppose D is a strongly connected oriented graph with n vertices and m edges. Then

(1) ifn =3 and m = 3 then con(D) = 1;
(2) ifn =4 and m = 4 then con(D) = 1;
(3) ifn =4 and m =S5 then con(D) = 1 or 3;
(4) ifn =4 and m = 6 then con(D) = 1.

Proof. (1) If D is a strongly connected oriented graph with 3 vertices and 3 edges then D is directed cycle of length 3.
Thus con(D) = 1.

(2) If D is a strongly connected oriented graph with 4 vertices and 4 edges then D is directed cycle of length 4. Thus
con(D) =1.

(3) If Dis astrongly connected oriented graph with 4 vertices and 5 edges then the underlying graph of D is isomorphic
to K4 — {e} for some edge e € E(K4). Let the underlying graph D be the G = (V, E) with V = {x1, x2, x3, x4} and
E ={x;x;:i < j} — {x1x4}. Without loss of generality, (x2, x1), (x1, x3) are in E(D). If xy is a transitive vertex in D
then (x2, x3) isin E(D). Thus, (x3, x4), (x4, x2) are in E(D) and con(D) = 3. If x; is not a transitive vertex in D then
(x3, x1) is in E(D). If x4 is not a transitive vertex in D then con(D) = 1; otherwise, for x4 being a transitive vertex,
con(D) = 3.

(4) By Theorem 15, Ssc(K4) = {1}. Thencon(D) =1. O
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